Over the last three decades entanglement entropy has been obtained for quantum fields propagating in Genus-0 topologies (spheres). For scalar fields propagating in these topologies, it has been shown that the entanglement entropy scales as area. In the last few years nontrivial topologies are increasingly relevant for different areas. For instance, in describing quantum phases, it has been realized that long-range entangled states are described by topological order. If quantum entanglement can plausibly provide explanation for these, it is then imperative to obtain entanglement entropy in these topologies. In this work, using two different methods, we explicitly show that the entanglement entropy scales as area of the Genus-1 geometry.
I. INTRODUCTION
Black holes have posed many puzzles, such as the information paradox and origin of Bekenstein-Hawking entropy, which are related to fundamental principles of general relativity and quantum physics. Although there have been several proposals to understand these, none of these have provided any consistent framework [1] (For recent reviews, see Refs. [2] [3] [4] ). Quantum entanglement is one approach that naturally provide physical understanding of some of these puzzles [3, 4] . Specifically, for black holes, entropy due to entanglement naturally refers to the measure of the information loss (for an outside observer) due to the spatial separation between the degrees of freedom inside and outside the horizon.
It is well known that the entanglement entropy (EE) or the so-called geometric entropy follows the so-called area law, first demonstrated by Bombelli et al [5] and Srednicki [6] . The EE can been derived via many approaches, e.g. in the context of conformal field theories using the so-called replica method [7] [8] [9] [10] [11] . This method is also applied to compute the EE for horizons with conical singularities as such [12] [13] [14] . In recent years the EE has been found to play crucial roles in understanding many quantum phenomena and their applications [15, 16] . A holographic definition of the EE [17] is proposed as a universal formula to compute entropy of a black hole, in any dimension, using AdS/CFT correspondence, and further attempts are being made to understand its implications [18] [19] [20] .
Studies on higher-dimensional black holes have become very crucial in order to differentiate the generic features of the black holes with the dimensional specific features. Attempts have been made to investigate thermodynamic properties of higher-dimensional black holes in string the-ory [21, 22] and loop quantum gravity [23] . In Ref. [24] , using the Euclidean path integral approach, it was shown that higher-dimensional (spherically symmetric) rotating black holes obey the Bekenstein-Hawking entropy formula.
Recently, Emparan and Reall obtained an exact solution of a five-dimensional black hole with an event horizon of topology S 1 × S 2 [25, 26] . These objects can be understood as a circular neutral black string in five dimensions, constructed as the direct product of the Schwarzschild solution and a circle. However, the string has to rotate along S 1 to be stable. The rotating black ring solutions have been rederived in a systematic manner via solution-generating techniques in Refs. [27, 28] . Note that these classes of black holes are not only examples of nonspherical horizon topology but are counterexamples to black hole uniqueness; i.e. the no-hair theorem does not extend to higher dimensions.
Following the work of Emparan and Reall, there have been studies to understand the thermodynamic properties of a black ring. Exact microscopic entropy of nonsupersymmetric extremal black rings is exactly reproduced for all values of the ring radius using the same conformal field theory of the four-charge four-dimensional black hole in Ref. [29] . For supersymmetric black rings [30] , entropy function was found (from both on-shell and off-shell perspectives) to be reproducing the BekensteinHawking entropy. Further, the higher-order corrections to the entropy arising from the five-dimensional GaussBonnet term and supersymmetric R 2 completion was also computed. In Ref. [31] , a string theory description of near-extremal black rings was proposed and the thermodynamic properties were derived for a large family of black rings. Earlier, in Refs. [32, 33] M theory was used to give an exact microscopic accounting of the black ring entropy.
In this work, we compute the EE for scalar field systems propagating with Genus-1 topology to investigate the robustness of the area law. In general we analyze entropy across entangling surfaces with S m × S n topology. We explicitly compute the EE for S Although the approaches in Refs. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] provide analytic expressions for the EE, one needs to assume certain symmetries for the underlying theories. However, Genus-1 topology has lesser symmetry than the Genus-0 topologies and hence one cannot use these approaches. In this work, we use ab initio calculations or the realtime approach used in Refs. [6, 34, 35] to compute the EE in Genus-1 topologies. The real-time approach has the advantage over the approaches as one can test the robustness of the area law in nonvacuum states [35] and arbitrary dimensions with spherical horizons [36] .
As a warmup toward computing EE of massless scalar field propagating in the black rings, in sec. II, we develop the methodology in a 3 + 1-dimensional toroidal coordinate system (i.e. for an entangling surface of topology
. It is well known that the Helmholtz equation is not separable in toroidal coordinates [37] [38] [39] . However, to compute the EE one needs to perform integration over angular dimensions. This can be done in the case of thin rings [40] using perturbative expansion. We use three such approximate methods to simplify our computation and compare the final outcomes for a consistency check. Thereafter, in Sec. III we apply the same technique to compute the EE of black rings (S 1 × S 2 ). Finally, we end with a brief discussion on the implications of the results obtained and limitations of the methodology developed here.
In this work, we use the (+, −, −, −) metric signature and set = c = 1. Numerical computations are done in MATLAB (R2010b and R2012A) for the lattice size N = 100, and error in the evaluation of the entanglement entropy is 10 −5 .
II. WARM UP: ENTANGLEMENT ENTROPY IN TORUS
A. Toroidal coordinate system (r, φ 1 , φ 2 )
A Toroidal coordinate system in three-dimensional space is well known. For detailed discussion on the coordinate systems, we refer the readers to Refs. [38, 39] . In this subsection, we discuss a few salient features of the coordinate that we use to compute to the EE in this geometry.
It is an orthogonal coordinate system that results from rotating the two-dimensional bipolar coordinate system by an angle φ 2 about the Z axis [See Fig. (1) ]. The two foci are separated by the focal line KL. The focal line lies in the X − Y plane and is of length 2q. It passes through the origin O and makes an angle φ 2 with X axis. The location of any point P in this space is given by (r, φ 1 , φ 2 ), where
The transformation relation between the rectangular (X, Y, Z) and the toroidal coordinates is given by
where, ∆ = cosh r − cos φ 1 . The value range of the coor-
The torus generated for any surface of constant r is given by,
with the center at (0, q coth r) in the Z − Y plane. The outer radius (R = q coth r) and inner radius (ρ = q csch r) of the torus are related to its focal length viz., R 2 − ρ 2 = q 2 and the metric in this 3 + 1-dimensional space -time is
B. Approaches to compute entanglement entropy in toroidal geometry
The action for the massless scalar fieldΦ propagating in the above background is
The form of the action is,
As mentioned earlier, the Helmholtz equation is not separable in toroidal coordinates [38, 39] . This implies that the scalar field wave functional cannot be decoupled and the Hamiltonian of the field cannot be written as a product of functionals that depend on only one variable. In the rest of the section we use two approximate -perturbative and constant angle -approaches to evaluate the EE.
One can use two different schemes for the perturbative approach. The first scheme is to assume that the inner radius is much smaller than the outer radius. In the leading order this scheme leads to an action similar to that of the scalar field in Genus-0 topology. In Appendix A, we discuss this approximation and show that the entropy-area relation is satisfied. The second scheme, which is discussed in the rest of this section, is to consider the limit in which the inner radius (ρ) is much smaller than the focal line KL. Unlike the earlier scheme, at all orders of approximation, Genus-1 topology effects will be retained. Under this assumption, we perturbatively expand the action (4) in terms of the inner radius of the torus, in terms of the the dimensionless parameter x = ρ/q.
In the constant angle approach, we fix one of the angles of the Genus-1 topology and evaluate the entropy for the scalar field. The advantage of the constant angle approach compared to the perturbative approach is that the EE can be computed exactly without any approximation. In Appendix B, we show that constant angle approach gives entropy-area relation for all dimensions greater than 2 for Genus-0 topology. We also discuss the importance of this approach. The constant angle φ 1 approach for the torus geometry leads to sphere of radius q/ sin φ 1 , centered at (0, 0, q coth φ 1 ), and most part of its entangling surface is outside the torus [39, 41] . However, for the black rings, this approach retains Genus-1 topology. We discuss this more in the next section.
C. Perturbative approach
We use the following ansatz to expand the scalar field in the toroidal geometry (2)
As mentioned earlier, we expand the action in terms of the dimensionless parameter x = ρ/q. The form of the action up to the first order in x is
where
Substituting Eq. (5) in Eq. (6) gives
where qΨ m 1 ,m 2 = Ψ m 1 ,m 2 and we assume that
The Hamiltonian corresponding to the above action is given by
The evaluation of the density matrix requires the discretization of the Hamiltonian. Let a be the discretization scale and ρ = j a, 1 ≤ j ≤ N with constant outer radius, say Q, such that N << Q. Using the midpoint discretization scheme i.e., the derivative of the form
a, the discretized Hamiltonian is given by
where Ψ m 1 m 2 ,N +1 = 0. The commutation relation between the dimensionless field operators is given by
The Hamiltonian in Eq. (9) is in the form of a system of N coupled quantum harmonic oscillators (C1) and can be written as an N × N symmetric semidefinite matrix (C2). Since the Hamiltonian is quadratic (C1), the groundstate wave function can be written as
The corresponding density matrix can be evaluated exactly as [6] :
where we have decomposed
and defined
A is an n × n symmetric matrix, B is an n × (N − n ) matrix, and C, β, γ are all (N − n ) × (N − n ) symmetric matrices. The matrices B and β are nonzero only when the Harmonic oscillator (HO)s are interacting. Performing a series of unitary transformations,
one can reduce ρ(t; t ) to a product of the reduced density matrices ρ (2−HO) (t; t ) for (N − n ) two coupled HOs with one oscillator traced over (i.e., N = 2, n = 1) [6] ,
where v i ∈ v andβ i ∈β. Correspondingly, the total entanglement entropy is a sum of (N − n ) two-HO entropies S (2−HO) i (i = 1, . . . , N − n ) which are obtained using the Von Neumann relation
The total entropy for the full Hamiltonian H =
In Fig. 2 , we have plotted entanglement entropy vs area of the S 1 × S 1 surface. As it is clear from the figure, in the linear perturbative limit, the entropy is proportional to area. We will discuss the importance of the result in Sec. IV.
D. Constant angle approach
As we mentioned earlier, the constant angle approach for the torus leads to Genus-0 topology and does not provide any information about the higher Genus topology.
However, as discussed in the next section, it does provide useful information in higher dimensions. Below, we discuss the procedure and obtain the EE for by setting φ 1 = α for the torus (α is a constant).
Setting φ 1 = α in the action (4), the Hamiltonian corresponding to the reduced action is,
where, Figure 3 : Entropy vs scaled area profile in the 3 + 1 -dimensional torus using constant angle approach for N = 100, Q = 5000, 5 ≤ n ≤ 90. The blue dots are the numerical outputs.
As in the previous subsection, to evaluate the EE we need to discretize the Hamiltonian. Here again, the lattice spacing is a and the outer radius is set to Q. Using the midpoint discretization scheme, the above Hamiltonian is in the form of a system of N coupled quantum harmonic oscillators (C1) and can be written as an N ×N symmetric semidefinite matrix (C3).
Following the procedure discussed in the previous subsection, we obtain the EE for different angles. Fig. 3 shows the profile of the EE vs the larger radius for different constant angles. In the constant angle case, the entangling surface is a cylinder with flat sides and does not vary much with varying ρ as is clear from Fig. 3; i. e., the domain of the x axis which is the scaled area of the entangling surface, decreases with increasing φ 1 , resulting in a constant entropy. As we mentioned earlier, this approach for the torus does not provide insight on the entropy-area relation, but it helps to confirm our understanding of the nontrivial geometry of constant φ 1 surfaces.
III. ENTANGLEMENT ENTROPY IN RING GEOMETRY
Ring geometry is a generalization of the torus for space-times greater than 4.
In the case of fivedimensional space-time, the line element corresponding to the ring coordinate (S 2 × S 1 ) is given in the recent review of Emparan and Reall [26] . In the following subsection, we write down the line element for a general S m × S n , where m, n are arbitrary integers with the restriction that both of the them simultaneously cannot take the value 1. We then focus on the specific case of evaluating the EE for S 2 × S 1 using the two approaches discussed in the previous section.
A. Ring geometry
Let us consider the (m + n + 1) -dimensional lineelement
and perform the transformations
. . . 
The above line element corresponds to product to two spaces with the symmetry R × S α , where α is m − 1 or n. Performing the transformation
to the line element (23), we get [26] ,
Note that the ranges of θ and r are −π ≤ θ ≤ π, 0 ≤ r ≤ R. It is also important to note that m and n can take arbitrary values, with the restriction that both of the them simultaneously cannot take the value 1. For constant R, the above line element corresponds to most general Genus-1 topology S m × S n . The Genus-1 topology is generated by the surfaces of constant r:
The simplest ring coordinates, as discussed in the review [26] , can be obtained by setting m = 2 and n = 1. For m = 2 and n = 1, the line element (25) reduces to
It is important to note that the ring geometry is such that the radius (r) of the 2-sphere cannot be larger than the radius (R) of the circle. In the case of five -dimensional space, one can embed two different Genus-1 topologies, i. e., S 2 × S 2 and S 3 × S 1 . To embed S 3 × S 1 topology in six -dimensional space, using the coordinate transformation on to the line element (21),
x 2 = r 1 sin φ 1 cos φ 2 x 3 = r 1 sin φ 1 sin φ 2 y 1 = r 2 cos θ 1 y 2 = r 2 sin θ 1 (28) leads to the following line element:
where r 1 and r 2 are given by Eqs. (24) . Here again the radius (r) of the 3-sphere cannot be larger than the radius (R) of the circle . To embed S 2 × S 2 in six -dimensional space, one starts with same transformation (28) ; however, changing the definition for r 1 and r 2 in such way that
gives
Here again, the radius (r) of the 2-sphere cannot be larger than the radius (R) of the 2-sphere. Similarly, we can embed
B. Entanglement entropy of scalar fields in black ring
Although the EE can be obtained for a general Genus-1 topology in arbitrary dimensions, we focus on the specific case of black rings in five -dimensional. This is mainly due to two reasons. First, as we go to higher dimensions, it becomes numerically intensive. To compare the computing time to calculate the entanglement entropy for one value for black ring topology and the torus is 60 Peta Flop and 1 Peta Flop, respectively. This increases exponentially as we go to higher dimensions. Second, the torus is a special case of the Genus-1 topology. Comparing the transformations in Secs. II A, III A it is clear that the transformations (22) cannot be used to obtain the torus line element. However, this is not the case for the higher -dimensional generalization of Genus-1 topology.
The action in the 4 + 1 -dimensional ring space-time is
Using that the ring space-time is a product of S 2 and S 1 , we use the ansatz for the scalar field:
where Z lm is the real part of the spherical harmonics. As in the case of the toroidal background, it is not possible to separate the Helmholtz equation in this background. Hence, it will not be possible to define the ground state of this system exactly. Here again, we use two different -perturbative and constant angle -approaches to compute the entanglement entropy. The two approaches provide complementary information about the entanglement entropy area relation. The perturbative approach will be valid when the radius (r) of the 2-sphere is much smaller than the radius (R) of the circle. However, the constant angle approach is nonperturbative and one can compute the EE for the case in which r R. In the rest of this section, we calculate the EE for the scalar fields using these two approaches.
C. Perturbative approach
Substituting the ansatz (33) in the action (32), perturbatively expanding the action up to the first order in r/R and integrating over the angular variables, we get
η(= t/R) andx(= r/R) are dimensionless variables; and I 1 , I 2 , I 3 and I 4 are the integrals involving the spherical harmonics given in Eq. (D1). The solutions of these integrals are given in Appendix D.
From the above action it is clear that lowest-order terms gives nonzero values only when l = l . This is consistent with the fact the equation corresponding to the lowest-order action satisfies the Sturm-Liouville equation, and, by definition, each of these modes are orthogonal to each other. However, the equation corresponding to the full perturbed action cannot be written in the Sturm-Liouville equation, and, hence it is natural that first order breaks this. Here, we set Ψ l+1,m,n = Ψ l−1,m,n which will capture the effect of the first-order term.
Substituting Eq. (D2) in the above action and using the above relation leads to
(36) Here again, it is important to note that the leading-order terms in the action do not depend on the m and have the degeneracy factor (2l + 1); however, the first-order terms in the action (like C 0 ) have explicit m dependence. Although this does not have any physical implications, it has implications for the numerical computations. Compared to the torus, here we need to evaluate the entropy for each value of m and hence the computation time increases exponentially.
The Hamiltonian corresponding to the above action is
whereΠ lmn (r) is canonically conjugate toΨ lmn (r), and it satisfies Ψ lmn (r),Π l m n (r ) = iδ(r − r )δ l,l δ m,m δ n,n (38) As in the earlier calculations, to evaluate the EE we need to discretize the Hamiltonian. Here again the lattice spacing is a and R = a Q. Using the midpoint discretization scheme, the above Hamiltonian is in the form of a system of N coupled quantum harmonic oscillators C1 and can be written as a N × N symmetric semidefinite matrix (C4).
The total entropy for the full Hamiltonian H = l,m 1 ,m 2 H lm 1 m 2 , is given by
where ξ i are given by Eq. (17).
In Fig. 4 , we have plotted the EE vs area of the S 2 × S 1 surface. As it is clear from the figure, in the linear perturbative limit, the entropy is proportional to area. We will discuss the importance of the result in Sec. IV. 
D. Constant angle approach
By setting the angle φ 1 to a constant (α), the action (32) reduces to
The Hamiltonian corresponding to the above reduced action is:
Discretizing the Hamiltonian and following the procedure discussed above, we obtain the entropy for different angles. Fig. 5 shows the plot of entropy vs the area for different angles. The plots show that the entanglement entropy is linearly related to area. 
IV. CONCLUSIONS AND DISCUSSIONS
In this work, we have obtained the entanglement entropy of massless, minimally coupled scalar fields in Genus-1 topologies. Specifically, we have shown that the entanglement entropy is linearly related to the area of the torus (S 1 × S 1 ) and ring geometry (S 2 × S 1 ). Genus-1 topologies have lesser symmetry compared to Genus-0 topologies, and hence we use ab-initio calculations to obtain entanglement entropy in these topologies. One of the main difficulties in evaluating entanglement entropy in Genus-1 topologies is that the Helmholtz equation is not separable. This implies that the one will not be able to write down the ground-state wave function exactly. To circumvent this problem, we have used two complementary approaches to evaluate entanglement entropy. In the first approach we have assumed that the ratio of the smaller radius to the larger radius is much less than unity. In the second approach, we evaluated the entanglement entropy by setting one of the angular coordinates to be constant. In this case, the entanglement entropy can be evaluated exactly as the effective Helmholtz equation is separable.
Both these approaches clearly show that the entanglement entropy is proportional to the area of the Genus-1 constant radius surface. In several ways, the result cannot be extrapolated from the case of the sphere. First, the Genus-1 topologies are not simply connected like the spheres. Second, it has been shown that most of the contribution to the entanglement entropy comes from close to the surface [3] . In the case of Genus-1, since the surface is not simply connected, it is not obvious that only the short-range effects will dominate. Our analysis in this work, shows that this is indeed the case.
The result brings attention to the following interesting questions. Does the presence of mass to the scalar field affect the entanglement entropy relation for Genus-1 topologies? Does the entanglement entropy-area law hold for Genus-2 or higher surfaces? In Appendix B we show that the constant angle approach for the spherical geometry fixes the proportionality constant. It will be interesting to know whether one can use this approach to analytically obtain entanglement entropy in higher dimensions with the subleading corrections.
We hope to return to study these problems in the near future.
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Appendix A: Thin inner radii (r/R 1) approximation for Torus
In this appendix, we calculate the entanglement entropy for a thin torus, i. e., r ≫ 1, such that
This approximation (A1) implies that r takes a minimum value, say β, which is always positive. Substituting Eq. (5) in Eq. (4) with this approximation, we get
Rewriting Eq.(A2) in terms of inner radius of the torus, we get
Hamiltonian is
The discretized Hamiltonian is
In Fig. 6 we have plotted EE by following the procedure discussed in Sec. II. It is clear from the plot that the entropy-area relation is satisfied in this limit. In this work, we have used the constant angle approach to obtain the entanglement entropy for a Genus-1 surface. The approach is necessitated by the fact that in nonzero Genus topologies the Helmholtz equation is not separable.
Applying this approach in the spherical case leads to an interesting result. One of the criticisms of entanglement entropy is the that the prefactor of the entanglement entropy-area relation is undetermined [2] . In this appendix we show that the constant angle approach may provide a plausible way of fixing the coefficient in the entropy-area relation and that the approach may provide subleading corrections to the area law.
Recently, one of the authors along with Das and Braunstein [36] have shown that the entanglement entropy-area law is valid for D-Sphere D > 1. To understand the importance of the constant angle approach, let us set the polar angle (θ = α) to be a constant value in the 3-Sphere (r, θ, φ 1 , φ 2 ). The reduced line element is,
The above equation is similar to an effective line element in the 3 + 1 -dimensional for which the Hamiltonian is
(B2) where we have used the following ansatz for expanding the action
From the Fig. 7 , it is interesting to note that the EE varies linearly with the angle-dependent area (proportional to sin 2 α), which is identical to the case of the three -dimensional sphere [6] with the slope being 0.29.
In the same way, one can start with the line element in the (3 + 1) -dimensional space-time (t, r, θ, φ) and set the polar angle to be a constant leading to an effective line element in the (2 + 1) -dimensional space-time
The form of the effective two -dimensional Hamiltonian is,
Repeating the same procedure as discussed earlier, the plot of the EE as a function of area showing that the entropy is proportional to sinα is shown in Fig8. In the same way, the entanglement entropy for the scalar fields in the reduced (2 + 1) -dimensional spacetime leads to the relation
(B5) where a is the lattice spacing and k 0 is a constant [9] . Unlike the higher-dimensional space-times, in this case the constant angle entanglement entropy is independent of the angle. This provides an interesting possibility of obtaining the higher -dimensional entanglement entropy from the above logarithmic dependence (B5). Specifically, it is interesting to note that the entanglement entropy for the scalar field in (2+1)-dimensional space-time can be obtained by integrating Eq. (B5) with respect to α, i. e., 
where k 1 = k 0 ln(1/a). Note that a 1; hence k 1 > 0. A similar procedure can be applied to obtain the EE for 3 + 1 dimensions:
dα sin α ln(r 2 sin α) (B7)
Thus, by fixing the constant k 0 we can calculate the corrections to the EE for (D + 1)-sphere symmetric spacetime as
where f (k 0 ) is the correction to the D + 1 -dimensional entropy, which is a function of k 0 only. It interesting to note that the area-dependent terms only depend on k 1 and are determined. we have yet to understand the full implications of the above result and it is currently being investigated. 
where K ij is the interaction matrix elements.
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